Abstract. We isolate a novel four-wave mixing process, enabled by Coherent Population Trapping (CPT), leading to efficient phase sensitive amplification. This process is permitted by the exploitation of two transitions starting from the same twofold degenerate ground state. One of the transitions is used for CPT, defining bright and dark states from which ultra intense four-wave mixing is obtained via the other transition. This leads to the measurement of a strong phase sensitive gain even for low optical densities and out-of-resonance excitation. The enhancement of fourwave mixing is interpreted in the framework of the dark-state polariton formalism.
Introduction
Optical parametric amplification processes have been widely studied for their unique noise properties and their many possible applications in metrology [1] , imaging [2] and telecommunications [3] . They have thus been implemented in different media such as nonlinear crystals and waveguides [4] through three-wave mixing (χ (2) process) or fibers [5] through four-wave mixing (χ (3) process) (FWM): one or two strong driving pump field(s) play the role of a reservoir of photons for a signal and an idler fields. Depending on the relative phase between these fields, photons can be transferred from the pump(s) to the signal and idler fields or conversely. Such noiseless phase sensitive amplification (PSA) processes allow for the amplification of a coherent state of light into another minimum uncertainty state, keeping the product of the field quadratures variances constant [6] . This is associated with the generation of squeezed states of light, which are of interest for quantum optics, atomic memories, entanglement swapping, and quantum information processing protocols [7] . Very large quantum noise reductions up to 15 dB have been achieved using crystals [8] , but down-converted photons are spectrally mismatched with atomic systems used for quantum memories and PSA achieved directly through FWM in atomic systems like alkali vapors is a subject of active interest [9, 10, 11] .
In atomic systems, FWM efficiency can be boosted up using coherent population trapping (CPT) [12] . This two-photon process arises in a Λ-system and suppresses the absorption of a light field even at optical resonance by optically pumping the population into a dark state, which is a coherent superposition of two states. Consequently, this linear absorption suppression makes multiphoton processes such as χ (3) processes predominant. Theoretical proposals based on CPT enhancement of FWM were put forward in double-Λ systems [13] and experimental implementations were also reported in rubidium [14, 15] , sodium [16] , and cesium [17] .
However, because of their hyperfine structure, alkali atoms do not offer convenient closed Λ−systems. In this paper, following the experimental results of [18] , we exploit the simple level structure of metastable helium 4: because of selection rules, the D 1 transition constitutes a well defined closed lambda system, allowing for a strong CPT effect to occur. Two other transitions share the same ground states, which can then be fully exploited to have multiphoton nonlinear processes explicitly addressing the dark and bright states. Therefore, we expect this atom to exhibit a strong nonlinear thirdorder susceptibility while being free from absorption. We moreover develop an analytic treatment to extract the properties of the amplification process, and show that it has the properties of a perfect squeezer [19] .
Experiment and modelling
The relevant level structure of helium is shown in Fig. 1(a 
is far detuned by ∆ (the 3 P 0 level is far away and can be overlooked): excitation schemes are shown in the atomic basis B at (b) and in the dark and bright states basis B s defined by the coupling field (c). The 3 S 1 , 3 P 1 and 3 P 2 states are labeled by the indices g, 1 and 2 respectively. Due to selections rules and optical pumping, grey-shadowed Zeeman levels can be neglected and the relevant ones are labeled using their m numbers. CPT occurs through the D 1 transition, pumping the population into the |− g state, thus inducing full transparency and enabling for efficient multiphoton processes.
to the 2 3 P fine states at wavelengths close to 1.083 µm. The upper level 3 P 0 is separated from the 3 P 1 states by more than 20 times the Doppler broadening W 2π×0.9 GHz and can thus be overlooked. The decay rate Γ of the optical coherence at room temperature in the 1 Torr helium cell is about 2π ×23 MHz, but following [20, 21] , its value is replaced by the Doppler width W in the simulations performed below.
The experimental set-up is schemed in Fig. 2 
In PSA configuration, the probe field contains two frequencies, separated by ±δ from the coupling field frequency (see Fig. 2(b) ), and called signal and idler. A typical probe transmission experimental measurement in PSA configuration is reproduced in Fig. 2 (c): a maximum gain equal to 9.3 dB is observed for the probe field. As the transition 2 3 S 1 (m = 0) ↔ 2 3 P 1 (m = 0) is forbidden, the resonant interaction with the fields leads to a Λ-type level scheme for the D 1 transition (see Fig. 1(b) ), where the 3 S 1 , 3 P 1 and 3 P 2 states are labeled by the indices g, 1 and 2 respectively. Because A laser diode at 1.083 µm is used to generate orthogonally and linearly polarized probe and coupling fields Ω p and Ω c , the latter one being amplified by a tapered amplifier. Acousto-optic modulators (AOM) enable to generate arbitrary spectra for the fields, such as the typical degenerate pump PSA scheme represented in (b). Two electrodes placed apart the cell generate a breakdown voltage at 27 MHz radiofrequency (RF): collisions with the electrons of the plasma then pump the atoms to the metastable state 2 3 S 1 . The input relative phase Θ between signal (ω 0 + δ), idler (ω 0 − δ), and coupling (ω 0 ) fields is tuned using a piezoelectric transducer (PZT). The sideband signal and idler fields transmission through the 6 cm long cell is measured by a photodiode (PD). Input (output) relative phase between probe and coupling fields is measured via a small leakage of the fields at the cell input beamsplitter PBS i (the coupling field at the cell output beamsplitter PBS o ). (c) When the relative phase is scanned with δ = 2π ×2kHz , one observes a PSA of the sidebands fields with a maximum gain equal to 7.4 (8.7 dB) and (d) the associated stabilization of the probe field relative phase with the coupling field. Gains up to 9.3 dB have been measured. Open circles: measurements. Dashed lines: fit with µ = 1.18 using Eq. (7).
the linearly polarised excitation of this Λ-system leads to a strong CPT effect, which suppresses the D 1 transition linear absorption, one needs to take into account the nearest transition to find the most efficient multiphoton processes [12] . The Zeeman sublevels involved in the different processes are labeled by their m magnetic quantum numbers:
3 S 1 , m = ±1 and |0 1 = |2 3 P 1 , m = 0 are the relevant ground and excited states of the D 1 transition, while |±2 2 = |2 3 P 2 , m = ±2 and |0 2 = |2 3 P 2 , m = 0 are coupled to the ground states |±1 g by the D 2 transition. The population of the |2 3 S 1 , m = 0 state through the far-detuned 2 3 S 1 ↔ 2 3 P 2 (D 2 ) transition can be neglected (∆/2π = 2.29 GHz), and therefore the |2 3 P 2 , m = ±1 states are also not relevant. In the rotating wave approximation, the interaction Hamiltonian H in the
where the numerical factors originate from the Clebsch-Gordan coefficients. One can then derive the evolution of the density matrix ρ via optical Bloch equations:
where L stands for the non Hermitian dynamics caused by spontaneous emission and extra optical coherence decay, of rates Γ 0 and Γ respectively. The fields along z then propagate according to Maxwell's equations in the slowly varying envelope approximation:
where η is the atom-field coupling coefficient, ρ ij = Tr [ρ |i j|], and numerical factors are given by Clebsch-Gordan coefficients.
Results
Fig . 3(a) shows the result of the numerical simulations of the probe field intensity transmission coefficient in the degenerate case (δ = 0), as a function of its relative phase Θ with respect to the coupling field and the power-broadening factor ζ = Ω 2 c /Γ of the coupling field normalized to the Raman coherence decay rate γ R between the levels |±1 g . For clarity, we compare a numerical simulation where the D 1 transition is considered alone (right panel) with another where the D 1 and the D 2 transitions are both considered (left panel). In both cases, CPT occurs when the coupling field strength overcomes the Raman coherence decay rate γ R . Below this threshold (i.e., for ζ/γ R 1), the resonant absorption by the D 1 transition forbids any multiphoton process. Above this threshold, (i.e., for ζ/γ R 1), CPT becomes efficient: PSA then occurs with a gain as large as 8.5 for an optical depth of 4.5 only when the D 2 line is taken into account while, whatever the phase is, the probe transmission remains 1 for large values of ζ when the D 2 transition is overlooked. Moreover, Fig. 3(b) shows the evolution of the output relative phase in the same conditions. In the regime where CPT does not exist (ζ/γ R 1), the phase is unchanged through propagation. However, when CPT exists (ζ/γ R 1) the output relative phase is stabilized to the specific value Θ MAX , as experimentally observed in Fig. 2(d) . These simulations are computed with decay rates parameters which correspond to experimental measurements. Let us now focus on the degenerate case δ = 0 and assume ζ γ R . In the steady state regime, restricting Eq. (4) for Ω c and Ω p to the leading order terms in Ω p /Ω c leads to:
where the terms O (Γ, ζ/∆) contain multiphoton processes involving several times the
L and L is the length of the atomic medium: the coupling field experiences a phase shift along its propagation because of the far-detuned D 2 transition. Here, the coupling field depletion by the probe field is neglected due to the first order approximation in Ω p /Ω c . This expression can then be used to solve Eq. (6), leading to:
where one recognizes a typical PSA transfer matrix belonging to the symplectic group [19] . It provides a gain G MAX and G MIN :
where the values Θ MAX and Θ MIN of the initial relative phase Θ between the fields are given by:
At the quantum level, the properties of such a non-unitary transfer matrix ensure that no extra noise is added during the amplification process, leading to squeezed state generation.
The validity of our model to describe the experimental results is shown on Figs. 2c and 2d. The broken lines fit the experimental data with gain and output phase transfer functions that are derived from Eq. 7. Finally, we investigate the validity of our approximation framework by comparing the analytical results with the full simulation of the Maxwell-Bloch formalism. Fig. 4 displays the intensities and phases of the probe and coupling fields during propagation, for an initial relative phase Θ MAX (Θ MIN ) corresponding to a maximal gain G MAX (minimal gain G MIN ). Despite an excellent agreement, a small discrepancy is noticeable in particular on the coupling field intensity. Indeed, some residual D 2 absorption occurs, which is not taken into account in the analytical treatment.
Contrary to usual far off-resonance FWM schemes, the gain scales here as 1/∆. Moreover, contrary to the usual PSA behaviour, the maximum reachable gain G MAX does not explicitly depend on the coupling field intensity but only on µ, which is proportional to the optical depth of the medium. Indeed, as shown in Fig. 3 , this process is possible only when the atoms are pumped into the dark state, which occurs when ζ γ R and does not result from any strong saturation effect.
Discussion
To understand the underlying mechanism, it is interesting to switch to the CPT dark (|− g ) and bright (|+ g ) state basis defined by the coupling field, which assigns different transitions to the coupling and probe fields [22] :
When the Zeeman sublevels are degenerate, the coupling (probe) field couples the |+ g (|− g ) state to the |0 e state. Optical pumping in the |− g state suppresses the linear absorption by the D 1 transition, which then constitutes a highly efficient multiphoton channel [12] and allows for efficient nonlinearities with a far-detuned transition, such as the D 2 one. Following the same idea, the D 2 transitions shared by the coupling and probe fields can be decoupled if we use superpositions of the D 2 line upper levels: Fig. 1(c) shows the relevant transitions in the basis
As soon as the population is trapped into the dark state |− g , we expect that only the processes involving the D 2 transition once and the D 1 transition once would play a significant role, namely:
FWM processes involving the D 2 transition twice have been neglected: they are much less efficient than the two processes cited above, which exploit the full transparency of the resonant D 1 transition. These two processes, enabled by CPT, correspond to the transfer matrix of Eq. (7) and lead to the high PSA experimentally observed in [18] and in Fig. 1(c) .
As predicted by Fig. 3 , the fact that the dominant FWM processes start from the dark state |− g implies that the D 1 line absorption destroys any multiphoton process when the coupling field is too weak: due to insufficient CPT, the population is incoherently shared between the ground states.
Let us now consider the more general case of a probe field with a finite initial spectrum Ω p (z = 0, ν). The frequency ν = ω − ω 0 is defined with respect to the monochromatic coupling field. Assuming that the probe spectrum fits within the D 1 transition linewidth, i.e. ν Γ ∆, the propagation equation for Ω p (z, ν) is:
where
Eqs. (13) and (6) have the same right-hand side, provided the signal spectrum fits within the saturation-broadened CPT linewidth, i.e. ν ζ. Furthermore, f (ν/ζ) 1 in this regime, and one can extract the probe field group velocity v g = c/(1+2ηc/ |Ω c | 2 ).
One recognizes the usual slow-light behaviour due to the strong dispersion created by the CPT narrow transparency window [24] . Up to a redefinition of its phase, the probe field and its complex conjugate play a symmetric role in the propagation equation (see Appendix A), indicating that a signal detuned from the coupling field requires an idler input with a symmetric spectrum with respect to the coupling field frequency. For example, Ω p can be the superposition of a signal and an idler fields peaked at ±δ as represented in Fig. 2(b) :
where δ D is the Dirac distribution. The FWM process involves the stimulated emission of one idler and one signal photons, and the transfer matrix of the total signal and idler fields is thus symplectic like in the degenerate configuration. When the probe spectrum fits within the CPT bandwidth, the dark state polariton (DSP) P can be introduced [25] 
where tan α = √ 2ηc/ |Ω c |. It is then shown to propagate as follows:
The left hand side is the usual DSP propagation equation at a group velocity v g (α) = c cos 2 α, and the right hand side factor leads to the FWM process parametric gain. Indeed, the DSP propagation is described by the same symplectic matrix as the probe field (see Appendix A).
To experimentally test our interpretation of a CPT-enabled PSA process, we measured the probe minimum and maximum transmissions as functions of the detuning δ (see Fig. 5(a) ). We compared the phase insensitive amplification (PIA) configuration, where the +δ signal field is sent alone, with the PSA configuration. In the former case, FWM spontaneously generate an idler field, leading to a phase insensitive gain of less than 3. In the latter case, PSA is observed with maximum gains up to 9 dB.
The coupling field CPT transmission bandwidth can be measured (Fig. 5(b) ) by applying a tunable magnetic field along the propagation axis in the absence of a probe field: the ground levels are then Zeeman shifted, inducing a two-photon detuning, which cancels CPT. The full width at half maximum (FWHM) of the PSA and CPT profiles are comparable, stressing the fact that the coupling field power controls the bandwidth of both processes. One can notice that the CPT resonance does not reach full transparency at δ = 0: this is due to the large room-temperature D 2 transition linewidth W leading to a residual absorption of 12 ± 4 %. These losses also explain that we experimentally have G MAX G MIN < 1.
Conclusion
In this article, we have shown that the very efficient PSA process that we previously observed in a hot vapor of helium at room temperature [18] is actually enabled by CPT. This process was demonstrated to provide a strong parametric gain as large as 9 dB for much lower optical depths (∼ 4.5) than in usual alkali vapor setups [14, 15, 17] . Contrary to these previous works, we have a closed Λ−system which allows to fully exploit the nonlinearity enabled by CPT. Moreover, we derived a full analytical model to extract the transfer matrix of the probe. It well describes the experimental data and reveals an unusual scaling of the gain. Finally, an original physical picture of this effect could be derived using superpositions of atomic states.
The full transparency of the resonant D 1 transition allows for efficient FWM involving the detuned D 2 transition. Such a CPT-enabled PSA process should be associated to highly squeezed states generation, which will be addressed in a future work. Moreover, the propagation features of the DSP suggest the possibility to store and generate on-demand two-mode squeezed states of light, with the same atoms used recently to demonstrate coherent population oscillation based storage [23] . Although this process is demonstrated in helium 4, our calculations and the advances on artificial atoms technologies make it possible to imagine systems designed to optimize it.
Appendix B. Propagation equation of the dark state polariton (DSP)
Because EIT is occurring between the dark and bright states of the system, one can then define the DSP by P = cos αΩ p − i 2ηc sin αρ +g−g .
Note that the above expression differs from the usual one [25] by the +i factor, which merely comes from the probe polarisation decomposition.
In the same approximation framework as above, the coherence between the dark and bright states writes ρ +g−g = −2iΩ p / |Ω c | , so that P × cos α = Ω p . Using the latter relation to express Eq. (A.2) in terms of P and P * , we get the following DSP propagation equation
This equation and its complex conjugate can be solved so that we obtain P and P * at z = L: This equation coincides with Eq. (7) up to an exponential factor due to the dispersive propagation of the DSP with the finite group velocity v g .
